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Outline 

•  What is a Support Vector Machine? 

•  Solving SVMs 
•  Kernel Tricks 
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What is a Support Vector Machine 
•  SVM is related to statistical learning theory [3] 
•  SVM was first introduced in 1992 [1]  
•  SVM becomes popular because of its success in 

handwritten digit recognition  
–  1.1% test error rate for SVM. This is the same as the error rates of 

a carefully constructed neural network, LeNet 4. 
•  See Section 5.11 in [2] or the discussion in [3] for details 

•  SVM is now regarded as an important example of “kernel 
methods”, one of the key area in machine learning 

[1] B.E. Boser et al. A Training Algorithm for Optimal Margin Classifiers. Proceedings of the Fifth Annual Workshop on 
Computational Learning Theory 5 144-152, Pittsburgh, 1992.  

[2] L. Bottou et al.  Comparison of classifier methods: a case study in handwritten digit recognition. Proceedings of the 12th 
IAPR International Conference on Pattern Recognition, vol. 2, pp. 77-82, 1994. 

[3] V. Vapnik. The Nature of Statistical Learning Theory. 2nd edition, Springer, 1999. 
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Classification Problem 
•  Given a training set S={(x1, y1),(x2, y2),…,(xN, yN)}, and

 xi∈X=Rm, i=1,2,…,N 
•  To learn a function g(x), and make the decision

 function f(x)=sgn(g(x)) can classify new input x  
•  So this is a supervised batch learning method 
•  Linear classifier 

g(x) = (wT x +b)

sgn(g(x)) = 1,g(x) ≥ 0
−1,g(x) < 0

#
$
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&
'
(

f (x) = sgn(g(x))
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What is a good Decision Boundary? 

•  Consider a two-class, linearly 
separable classification problem 

•  Many decision boundaries! 
–  The Perceptron algorithm can be 

used to find such a boundary 
–  Different algorithms have been 

proposed 

•  Are all decision boundaries 
equally good?  Class +1 

Class -1 
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Geometric Interpretation 
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Affine Set 
•  Line through x1 and x2:  all points 

•  Affine set: contains the line through any two distinct
 points in the set 

•  Affine function: 
–  f: Rn ->Rm is affine if f(x)=Ax+b with  

A number of the following pages are from Boyd’s slides 

x =θx1 + (1−θ )x2 θ ∈ R

A∈ Rm×n ,b∈ Rm
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Convex Set 

•  Line segment between x1 and x2: all points 

•   Convex set: contains line segment between
 any two points in the set 

•  Examples (one convex, two nonconvex sets) 

x =θx1 + (1−θ )x2 0 ≤θ ≤1

x1,x2 ∈C, 0 ≤θ ≤1 =>θx1 + (1−θ )x2 ∈C
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Hyperplanes and Halfspaces 
•  Hyperplane: set of the form 

•  Halfspace: set of the form 

•  a is the normal vector  
•  Hyperplanes are affine and convex; halfspaces are convex.  

{x | aT x = b}(a ≠ 0)

{x | aT x ≤ b}(a ≠ 0)



10 

Bisector based Decision Boundary 

Class +1 

Class -1 
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Formalization 
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The objective is to solve all the βi,. 

Then we can obtain the two points having the closest distance by 

1 1i j

i i j j
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= =−

= =∑ ∑

Next we compute the hyperplane wTx + b = 0 by 

1 (( ) ( ))
2

m

i i i
i

w c d y x b c d c dβ= − = = − − +∑ g

Finally, we make prediction by  ( ) sgn(( ) )Tf x w x b= +
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Maximal Margin 
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Large-margin Decision Boundary 
•  The decision boundary should be as far away from the data of 

both classes as possible 
–  We should maximize the margin, m 
–  Distance between the origin and the line wTx=-b is -b/||w|| 

Class +1 

Class -1 

m 

Tw x b γ+ =

Tw x b γ+ = −

2
|| ||

m
w
γ=
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Formalization 

, ,

2
max w b wγ

γ
equal to minγ ,w,b

w

2γ

Note: we have constraints 

s.t. wT x(i ) +b ≥ γ ,1≤ i ≤ k

wT x( j ) +b < −γ ,k < j ≤ N
equal to y (i ) (wT x(i ) +b) ≥ γ ,1≤ i ≤ N

Since we can arbitrarily scale  w and b without changing anything, 
We introduce the scaling constraint “γ=1” 

This is a constrained 
optimization problem.  

loss function 
2

2
w

Change to 2-norm 
space 

1, =iy

1, −=jy

minw,b
||w ||
2

s.t. y (i ) (wT x(i ) +b) ≥1,1≤ i ≤ N
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Loss Function 

•  Then we result in the Lasso loss function 

•  Another popular loss func: Hinge loss + penalty 

minw,b
1
2
w

2

s.t. y (i ) (b+wT x(i ) ) ≥1

minw,b [1− y (i ) (b+wT x)]
+

i=1

N

∑ +
λ
2
||w ||2
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Loss Function (cont.) 

•  Empirical loss function 

•  Structural loss function 

 
where ||w||2 indicates the complexity of the model, it is 

also named as penalty 
•  There are many kinds of formulation of the loss 

function 

minw,b [1− y (i ) (b+wx(i ) )]
+

i=1

N

∑

minw,b [1− y (i ) (b+wx(i ) )]
+

i=1

N

∑ +
λ
2
w

2
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Optimal Margin Classifiers 

minw,b
w

2

2
s.t. y (i ) (wT x(i ) +b) ≥1,1≤ i ≤ N

For the problem: 

We can write lagrangian form: 

L(w,b,α) =
w

2

2
− αi[y

(i ) (wT x(i ) +b)−1]
i=0

N

∑

s.t. αi ≥ 0,1≤ i ≤ N

WHY? Let us review generalized Lagrangian 
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Review Convex Optimization and
 Lagrange Duality 
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Convex Function 

•  f: Rn ->R is convex if dom(f) is a convex set and 
  

 for all 
 
 

–  f is concave if –f is convex 
–  f is strictly convex if dom(f) is convex and 

for all 
    
   

f (θx + (1−θ )y) ≤θ f (x)+ (1−θ ) f (y)
x, y ∈ dom( f ),0 ≤θ ≤1

f (θx + (1−θ )y) <θ f (x)+ (1−θ ) f (y)
x, y ∈ dom( f ),x ≠ y,0 ≤θ ≤1
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First-order Condition 
•  f is differentiable if dom(f) is open and the gradient 
  
 
    exists at each  

•  1st-order condition: differentiable f with convex domain is
 convex iff 

     for all   

    
   

∇f (x) = ∂f (x)
∂x1

,∂f (x)
∂x2

,...,∂f (x)
∂xn

#

$
%%

&

'
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x ∈ dom( f )

f (y) ≥ f (x)+∇f (x)T *(y − x)

x, y ∈ dom( f )
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Second-order Condition 
•  f is twice differentiable if dom(f) is open and the Hessian 
  
 
    exists at each  

•  2nd-order condition: for twice differentiable f with convex domain 
–  f is convex iff 

     for all 

–  If                         for all                          , then f  is strictly convex.  

    
   

∇2 f (x)ij =
∂2 f (x)
∂xi∂x j

, i, j =1,...,N ,

x ∈ dom( f )

∇2 f (x) > 0

x ∈ dom( f )
∇2 f (x) ≥ 0

x ∈ dom( f )
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Convex Optimization Problem 
•  Standard form convex optimization problem 

–  f0,f1,…,fk are convex;  
–  Equality constraints are affine 
–  Important property: feasible set of a convex optimization problem is convex  

•  Example 

–  f0 is convex; feasible set                             is convex 
–  Not a convex problem since f1 is not convex, h1 is not affine 

  
 
     

    
   

0min ( )
. . ( ) 0, 1,...,

0, 1,...,
i
T
i i
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{(x1,x2 ) | x1 = −x2 ≤ 0}
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Lagrange Duality 
•  When solving optimization problems with constraints, lagrange

 duality is always used to obtain the solution of the primal
 problem through solving the dual problem. 

•  Primal optimization problem 
–  If f(x), ci(x), hj(x) are continuously differentiable functions defined in Rn

,
 then the following optimization problem is called primal optimization
 problem 

min ( )

. . ( ) 0, 1,...,
( ) 0, 1,...,

nx R

i

j

f x

s t g x i k
h x j l

∈

≥ =
= =
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We see that the primal problem is 
represented by the min max problem 
of the generalized Lagrangian, i.e.,  

Primal Optimization Problem 
•  To solve the primal optimization problem, we define the generalized Lagrangian: 

where αi and βj are Lagrange multipliers. Consider the function: 

  
•  Assume some x violates any of the primal constraints (i.e., if either gi(x)<0 or hj(x)≠0

 for some i), then we can verify that  
 
 

–  Since if gi(x)<0 for some i , we can set αi  as +∞;  
–  if hj(x)≠0 for some i , we can set βjhj(x) as +∞, and set other αi and βj as 0.  

•  In contrast, if the constraints are indeed satisfied for a particular value of x, then  
•  Therefore: 

•  Here, if we consider the minimization problem 

1 1

( , , ) ( ) ( ) ( )

. . 0

k l

i i j j
i j

i

L x f x g x h x

s t

α β α β

α
= =

= − −

≥

∑ ∑ min ( )

. . ( ) 0, 1,...,
( ) 0, 1,...,

nx R

i

j

f x

s t g x i k
h x j l

∈

≥ =
= =

Primal problem 

θP (x) = maxα ,β:αi≥0
L(x,α,β )

, : 0 1 1
( ) max [ ( ) ( ) ( )]

i

k l

P i i j j
i j

x f x g x h x
α β α

θ α β
≥ = =

= − − =∞∑ ∑

θP (x) =
f (x)

∞

"
#
$

%$

If x satisfies primal constraints 
otherwise 

min
x
θP (x) =minx max

α ,β:αi≥0
L(x,α,β )

p*=min
x
θP (x)

Here “P” stands for “primal”. 
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Dual Optimization Problem 
•  Dual optimization problem: 

•  This is exactly the same as the primal problem, except that the order of the “max” and the “min”
 are now exchanged. We also define the optimal value of the dual problem’s objective to be  

  
•  How are the primal and the dual problems related? It can easily shown that: 

 
•  Proof: 

       So  
       Because the primal and dual problem both have the optimal value, thus 
 
 
        i.e.,  

max
α ,β:αi≥0

θD (α,β ) = maxα ,β:αi≥0
min
x
L(x,α,β )

d*= max
α ,β:αi≥0

θD (x)

d*= max
α ,β:αi≥0

min
x
L(x,α,β ) ≤min

x
max
α ,β:αi≥0

L(x,α,β ) = p*

θD (α,β ) =minx L(x,α,β ) ≤ L(x,α,β ) ≤ maxα ,β:αi≥0
L(x,α,β ) =θP (x)

θD (α,β ) ≤θP (x)

max
α ,β:αi≥0

θD (α,β ) ≤minx θP (x)

d*= max
α ,β:αi≥0

min
x
L(x,α,β ) ≤min

x
max
α ,β:αi≥0

L(x,α,β ) = p*

min ( )

. . ( ) 0, 1,...,
( ) 0, 1,...,

nx R

i

j

f x

s t g x i k
h x j l

∈

≥ =
= =

Primal problem 



26 

KKT Conditions 
•  Under certain conditions, we will have d*=p* 
•  So that we can solve the dual problem in lieu of the primal problem. 
•  Then what’s the conditions?  

Suppose  
(1) f and gi  are convex, and hi(x) is affine.  
(2) the constraints gi are (strictly) feasible; this means that there exists some x so that gi (x) >0 for all i. 
 

Under the above assumptions, there must exist x*, α* and β* so that x* is the solution to the primal
 problem, α*, β* are the solution to the dual problem and p*=d*=L(x*, α* , β* ). The  necessary and
 sufficient conditions are KKT (Karush-Kuhn-Tucher) conditions:  

∂L(x*,α*,β *)
∂xi

= 0,i ∈ [1,N ]

∂L(x*,α*,β *)
∂αi

= 0,i ∈ [1,k]

∂L(x*,α*,β *)
∂βi

= 0,i ∈ [1,l]

αi
*gi (x

*) = 0,i ∈ [1,k]

gi (x
*) ≥ 0,i ∈ [1,k]

αi
* ≥ 0,i ∈ [1,k]

KKT dual complementarity condition. 
If  αi*>0, then gi (x)=0  



27 

Back to Our Optimal Margin
 Classifiers 
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Optimal Margin Classifiers 

minw,b
w

2

2
s.t. y (i ) (wT x(i ) +b) ≥1,1≤ i ≤ N

For the problem: 

We can write lagrangian form: 

L(w,b,α) =
w

2

2
− αi[y

(i ) (wT x(i ) +b)−1]
i=0

N

∑

s.t. αi ≥ 0,1≤ i ≤ N

Then our problem becomes: 

,min max ( , , )w b L w bα α

If certain constraints are satisfied, then we have  ,max min ( , , )w b L w bα α



29 

Solve the Dual Problem 

  

maxα minw,b L(w,b,α ) =
w

2

2
− α i[y( i) (wT x( i) + b)−1]

i=1

N

∑
s.t. α i ≥ 0,1≤ i ≤ N

Let us first solve the inside minimal problem by setting the gradient of 
L(w, b, a) w.r.t. w and b to zero, we have 

( ) ( )

1

( ) ( )

1

( , , ) 0
N

i i
i

i
N

i i
i

i

L w b w y x
w

w y x

α α

α

=

=

∂ = − =
∂

⇒ =

∑

∑

( )

1

( , , ) 0
N

i
i

i

L w b y
b

α α
=

∂ = =
∂ ∑

Then let us substitute the two equations into L(w, b, a) to solve the 
maximal problem 
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Solve the Dual Problem 

Substitute                            back to L(w, b, a)  ( ) ( )

1

N
i i

i
i

w y xα
=

=∑

L(b,α) = 1
2

αi y
(i )x(i )

i=1

N

∑ α j y
( j )x( j )

j=1

N

∑ − αi[y
(i ) ( α j y

( j )x( j )x(i )
j=1

N

∑ +b)−1]
i=1

N

∑

=
1
2

αiα j y
(i ) y ( j )x(i )x( j )

j=1

N

∑
i=1

N

∑ − αi y
(i )α j y

( j )x( j )x(i )
j=1

N

∑
i=1

N

∑ −b αi y
(i )

i=1

N

∑ + αi
i=0

N

∑

= −
1
2

αiα j y
(i ) y ( j )x(i )x( j )

j=1

N

∑
i=1

N

∑ −b αi y
(i )

i=1

N

∑ + αi
i=1

N

∑

Now we have: ( ) ( )

1

N
i i

i
i

w y xα
=

=∑ and ( )

1
0

N
i

i
i

yα
=

=∑

because , we obtain 

It is known as the dual problem: if we know w, we know all ai; vice versa 

The new objective 
function is a 
function of ai only 

αi y
(i )

i=1

N

∑ = 0

L(α) = − 1
2

αiα j y
(i ) y ( j )x(i )x( j )

j=1

N

∑ + αi
i=1

N

∑
i=1

N

∑
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The Dual Problem (cont.) 
The original problem, also known as primal problem 

minw,b
w

2

2
s.t. y (i ) (wT x(i ) +b) ≥1,1≤ i ≤ N

The dual problem 

  

maxα −
1
2

α iα j y
( i) y( j )x( i)x( j )

j=1

N

∑
i=1

N

∑ + α i
i=1

N

∑

s.t. α i ≥ 0,1≤ i ≤ N ; α i yi
i=1

N

∑ = 0

The result when we differentiate 
the original Lagrangian w.r.t. b 

Properties of ai when we introduce 
the Lagrange multipliers 

minw,bmaxα L(w,b,α) =
w

2

2
− αi[y

(i ) (wT x(i ) +b)−1]
i=1

N

∑

s.t. αi ≥ 0,1≤ i ≤ N

,max min ( , , )w b L w bα α
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Relationship between Primal and Dual 
Problems 

* *
, ,max min ( , , ) min max ( , , )α β α βα β α β= ≤ =x xd L x L x p

Note: if under some conditions, d*=p* 
We can solve the dual problem in lieu of the primal problem 

What is the conditions? 

The famous KKT conditions  
(Karush-Kuhn-Tucker conditions) 

0 0

( , , ) ( ) ( ) ( )

. . 0

k l

i i j j
i j

i

L x f x g x h x

s t

α β α β

α
= =

= − −

≥

∑ ∑

In Lagrangian formula 

KKT conditions are 

In our case 

* * *
* * ( ) ( )

1
* * *

* ( )

1
* ( ) * ( ) *

( ) * ( ) *

*

( , , ) 0, [1, ] (1)

( , , ) 0 (2)

( ( ) 1) 0, [1, ] (3)

( ) 1 0, [1, ]
0, [1, ]

N
i i

i
i

N
i

i
i

i i
i
i i

i

L w b w y x i N
w

L w b y
b

y w x b i N

y w x b i N
i N

α α

α α

α

α

=

=

∂ = − = ∈
∂

∂ = =
∂

+ − = ∈

+ − ≥ ∈
≥ ∈

∑

∑

What is KKT 
∂L(x*,α*,β *)

∂xi
= 0,i ∈ [1,N ]

∂L(x*,α*,β *)
∂αi

= 0,i ∈ [1,k]

∂L(x*,α*,β *)
∂βi

= 0,i ∈ [1,l]

αi
*gi (x

*) = 0,i ∈ [1,k]

gi (x
*) ≥ 0,i ∈ [1,k]

αi
* ≥ 0,i ∈ [1,k]



33 

Now We Have 
Then, what we have the maximum optimum problem with respect to α: 

Then solve w by  
 
 
Finally solve b: 
Since there is at least one αj

*>0 (if all αj
*=0 , from equation (1)  

we know that w*=0, however w*=0 is not the optimal solution). 
Then from equation (3), we know that 
 
 
Because y(j)y(j)=1, then  
   
 
 

This is a quadratic programming (QP) problem, A 
global maximum of ai can always be found 

w = αi y
(i )x(i )

i=1

N

∑

• Many of the ai are zero 
  - w is a linear combination of a 
small number of data points 
  - This “sparse” representation can 
be viewed as data compression as 
in the construction of knn classifier 
 
• xi with non-zero ai are called 
support vectors (SV) 
  - The decision boundary is 
determined only by the SV 

Characteristics of the Solution 

( ) * ( ) ( ) ( ) ( ) ( )

1

N
j j j i i j

i
i

b y w x y y x xα
=

= − = −∑

y ( j ) (w*x( j ) +b*)−1= 0

  

maxα −
1
2

α iα j y
( i) y( j )x( i)x( j )

j=1

N

∑
i=1

N

∑ + α i
i=1

N

∑

s.t. α i ≥ 0,1≤ i ≤ N ; α i yi
i=1

N

∑ = 0
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a6=1.4 

A Geometrical Interpretation 

Class +1 

Class -1 

a1=0.8 

a2=0 

a3=0 

a4=0 

a5=0 
a7=0 

a8=0.6 

a9=0 

a10=0 
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How to Predict 

( ) ( )

1

( ) ( )

1

( )

,

N
T i i T

i
i
N

i i
i

i

w x b y x x b

y x x b

α

α

=

=

+ = +

= +

∑

∑

For a new sample x, we can predict it by: 

classify x as class +1 if the sum is positive, and class -1 otherwise 
Note: w need not be formed explicitly 
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Class +1 

Class -1 

Non-Separable 
What is non-separable case?  

•  We allow “error” ξi in classification; it is 
based on the output of the discriminant 
function wTx+b 

•  ξi approximates the number of 
misclassified samples 
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Non-linear Cases 
What is non-linear case?  
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Non-separable case 

  

minw,b,ξ

w
2

2
+C ξi

i=1

N

∑
s.t. y(wT x( i) + b) ≥1−ξi ,1≤ i ≤ N

ξi ≥ 0,1≤ i ≤ N

The formalization of the optimal problem becomes : 

Thus, examples are now permitted to have margin less than 1, and if an example 
has functional margin 1-ξi (with ξ>0), we would pay a cost of the objective function 
by increased by Cξi.  
 
The parameter C controls the relative weighting between the twin goals of making 
the ||w||2 small and of ensuring that most examples have functional margin at least 
1. 
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Lagrangian Solution 

maxα L(α) = αi
i=1

N

∑ −
1
2

y (i ) y ( j )αiα j x
(i ) ,x( j )

i , j=1

N

∑

s.t. C ≥αi ≥ 0,i ∈ [1,N ]

αi y
(i )

i=1

N

∑ = 0
What is the difference 
from the separable 
form??!! 

( ) ( )

( ) ( )

( ) ( )

0 ( ) 1

( ) 1

0 ( ) 1

i T i
i

i T i
i

i T i
i

y w x b
C y w x b
C y w x b

α
α

α

= ⇒ + ≥

= ⇒ + ≤

< < ⇒ + =

KKT conditions: 

∂L(w,b,α)
∂wi

= 0,i ∈ [1,N ]

∂L(w,b,α)
∂ξi

= 0,i ∈ [1,N ]

∂L(w,b,α)
∂b

= 0

αi (y
(i ) (wT x(i ) +b)−1−ξi ) = 0,i ∈ [1,N ]

y (i ) (wT x(i ) +b)−1−ξi ≥ 0,i ∈ [1,N ]
αi ≥ 0,σ i ≥ 0,i ∈ [1,N ]

+ 

Again, we have the lagrangian form : 

  

L(w,b,ξ ,α ,σ ) =
w

2

2
+C ξi

i=1

N

∑ − α i[y(wT x( i) + b)−1+ξi ]
i=1

N

∑ − σ iξi
i=1

N

∑
s.t. σ i ≥ 0;α i ≥ 0



40 

How to train SVM 

Sequential minimal optimization (SMO) algorithm, due to John Platt. 

First, let us introduce coordinate ascent algorithm: 
Loop until convergence: 
{ 
    For i=1, …, m 
    { 
        ai:=argmaxaiL(a1,…, ai-1, ai, ai+1,…, am) 
    } 
} 

Solving the quadratic programming optimization problem directly to train the SVM 
is very slow when the training data grows large. 
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Coordinate ascent is ok? 
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Is it sufficient? 



42 

SMO 
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Change the algorithm by: this is just SMO 
Repeat until convergence 
{ 
  1. select some pair ai and aj to update next. (using a heuristic that tries to pick 
the two that will allow us to make the biggest progress towards the global 
maximum). 
  2. reoptimize L(a) with respect to ai and aj, while holding all the other a. 
} 

Many approaches have been proposed 
-e.g., Loqo, cplex, etc. (see http://www.numerical.rl.ac.uk/qp/qp.html) 
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SMO(2) 
(2) (1)

2 2( ) (( ) , ,..., )mL a L y yς α α α= −

This is a quadratic function in a2. I.e. it can be written as: 

2
2 2a b cα α+ +
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Solving a2 
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Having find a2, we can go back to find the optimal a1. 
Please read Platt’s paper if you want to read more details 

For the quadratic function, we can simply solve it by setting its derivative 
to zero. Let us use a2

new, unclipped as the resulting value. 

2
2 2a b cα α+ +
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Thanks! 

HP: http://keg.cs.tsinghua.edu.cn/jietang/ 
Email: jietang@tsinghua.edu.cn 


